INTRODUCTION
Let K be a field and let S be the polynomial ring over K in the three sets of indeterminates X , . . . , X , Y , . . . , Y , Z , . . . , Z . We al-
ways assume n G m G p G 2. Let 
QUESTION 2. More precisely, what is the primary decomposition of J ?
A These questions have attracted the attention of the first author in connection with the notion of hyperdeterminant, the three-dimensional Ž analogue of determinant as defined by Cayley and rediscovered by . Gelfand, Kapranov, and Zelevinsky . For information about hyperdetermiw x nants, we refer the reader to GKZ . Here we just recall that, given a Ž . three-dimensional matrix b , 0 F i F n y 1, 0 F j F m y 1, 0 F k F i jk p y 1, n G m G p G 2, it makes sense to speak about its hyperdetermi-Ž nant if, and only if, n F m q p y 1. This is the condition characterizing . the ''square'' three-dimensional matrices. For a bilinear form the ideal generated by its partial derivatives has height 2 n if, and only if, Ž . det c / 0. Therefore it is natural to conjecture that, when n F m q p y . Example 1.16 below . Therefore it becomes interesting to look at the primary decomposition of J , in order to have some finer information.
A Questions 1 and 2 have proved quite difficult, one reason being that, in general, no formula for the hyperdeterminant is known that would be similar to the usual expansion
gS n Ž . Hence it is hard to connect the behavior of J to hyperdet a . But if
is of ''boundary format'' , and a s 0 when- Under the assumptions that n s m q p y 1, and a / 0 if, and only if, i jk i s j q k, we have been able to prove that ht J is always 2 p, to determine A the minimal primes of J and to show that the ideal generated by all A indeterminates is associated with J . These are the main results of the A paper, which will hopefully lead to an understanding of J also in cases A where A is more general. Though this work has been motivated by hyperdeterminants, they will not appear in the following. However, as is customary in the theory of hyperdeterminants we start counting indices with 0.
It seem noteworthy that, independently of the link to the notion of hyperdeterminant, the study of J is a rather interesting piece of construc-A tive commutative algebra.
THE MINIMAL PRIMES OF J A
We start with the following definition, motivated by the remarks on Ž hyperdeterminants made in the Introduction nondegenerate means hyper-
be as in the Introduction. We say that A is a nondegenerate diagonal trilinear form of boundary format, provided n s m q p y 1 and a / 0 if, i jk Ž and only if, i s j q k. This convention about m, n, and p will be used . throughout the paper.
When A is as in Definition 1.1, the generators of J are the following:
We shall now describe the minimal primes of the ideal J in this case. 
, I X , where I X denotes the ideal generated by the maxi-
The entries of X that in¨ol¨e the indeterminate X appear on the
formed by all its monomial summands containing one of the indetermi-
Ž are all in Q the number of summands on the right-hand side grows by 1 in each step when the index runs from h to m y 1 and then it stays . constant . It follows easily that Q must contain all the elements
s I ZX . The statement will be proved if we show that
Hence it is enough to ascertain that, given
Ž .
Our first goal is to show that if p -m, the minimal primes of J are
is a minimal prime of J .
. To show that it is a minimal prime of J we just need to
show that it is prime. To do so it is enough to prove that A , . . . ,
and let Y denote the following p = n 0 my1 matrix with entries in W: In view of Remark 1.3, the presentation of the symmetric algebra of N is
, and I Y : I Y for every t s 1, . . . , p. Thus
is a prime ideal of height 2 p. Let R be a ring and U a matrix with indeterminate entries over R. Then w x we denote the polynomial ring over R in all the entries simply by R U , and we use an analogous notation if two or more matrices are involved. The next proposition will help us in specializing the generic data of Proposition 1.7 to those of our problem. 
Ž .
The reader should note that Propositions 1.7 4 and 1.8 hold analogously in the situation where R is a positively graded algebra over a field K with irrelevant maximal ideal M and all the ideals and elements involved are homogeneous. In fact, the passage from R to R is a faithfully flat M functor on the category of graded modules over R; see Bruns and Herzog w x BH, Section 1.5 and especially 1.5.15 . 
. By Proposition 1.7 we know 0 ny1 

Y Y k j j
Hence A X g Q for every j s 0, . . . , m y 1, and A X is a polynomial in
Inverting all the indeterminates Z , . . . , Z and denoting by Q e the k k 1 t extension of the ideal Q, one notices that the elements A X form a regular and of height F m.
, it is enough to show that Z , . . . ,
:I ZX for every prime ideal P containing Z , . . . , Z and
Ž . of height F m. Clearly I X P, otherwise P would contain the ideal QGmq1. Let p ) 2 and assume the statement true for all pЈ -p. Notice that˜Ĩ
Ž . Ž . Ž .
Proof. It follows by symmetry from Proposition 1.4 that if p s m, then a minimal prime Q of J , different from P and P , must include both
But the latter ideal is prime and
contains J , so that Q s P . Ž . Remark 1.17. i Possible generalizations of Theorems 1.12 and 1.14 Ž . can take many directions. One can relax any one or more of the three assumptions imposed on A: nondegenerate, diagonal, and of boundary format. One can also wonder about t-linear forms for every t G 4. All Ž . generalizations look far from trivial. ii The different behavior between case p s m and case p -m has not been detected in the context of hyperdeterminants. It would be nice to understand its meaning from a geometric point of view.
THE EMBEDDED ASSOCIATED PRIMES OF J A
In this section, under the usual assumption, we prove that the maximal ideal of S generated by all the indeterminates is an associated prime of J ,
A
and we discuss what we expect to be the remaining associated prime ideals. 
